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GEOMETRIC HEIGHT INEQUALITY ON VARIETIES
WITH AMPLE COTANGENT BUNDLES
Atsushi Moriwaki
November, 1993 (revised)
Abstract. Let F be a function field of one variable over an algebraically closed field of
characteristic zero, X a geometrically irreducible smooth projective variety over F , and L a
line bundle on X. In this note, we will prove that if Ω1
X/F
is ample and X is non-isotrivial,
then there are a proper closed algebraic set Y of X and a constant A > 0 such that
hL(P ) ≤ A · d(P ) +O(1)
for all P ∈ X(F¯ )\Y (F¯ ), where hL(P ) is a geometric height of P with respect to L and d(P )
is the geometric logarithmic discriminant of P . As corollary of the above height inequality,
we can recover Noguchi’s theorem [No], i.e. there is a non-empty Zariski open set U of X
with U(F ) = ∅.
0. Introduction.
Let k be an algebraically closed field of characteristic zero and F a finitely generated
extension field of k with trans. degk F = 1. We will fix two fields k and F throughout
this note.
Let X be a geometrically irreducible smooth projective variety over F . Let X and
C be smooth projective varieties over k, and f : X → C a k-morphism such that the
function field of C is F and the generic fiber of f is X , i.e. X = X ⊗ F . In this note,
X is said to be non-isotrivial if there is a non-empty open set C0 of C such that, for
all t ∈ C0, the Kodaira-Spencer map ̺t : TC,t → H
1(Xt, TXt) is not zero. Let F¯ be the
algebraic closure of F . For a point P ∈ X(F¯ ), let us denote by ∆P the corresponding
integral curve on X . We fix a line bundle L on X . Let L be a line bundle on X with
L ⊗ F = L. The pair (f : X → C,L) is called a model of (X,L). A geometric height
hL(P ) of P with respect to L is defined by
hL(P ) =
(L ·∆P )
[F (P ) : F ]
.
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2The geometric height hL might depend on the choice of the model (f : X → C,L) of
(X,L), but as we will see in Proposition 1.1, it is uniquely determined modulo bounded
functions. Moreover, the geometric logarithmic discriminant d(P ) of P is given by
d(P ) =
2g(∆˜P )− 2
[F (P ) : F ]
,
where g(∆˜P ) is the genus of the normalization ∆˜P of ∆P . An interesting problem
concerning hL and d on the non-isotrivial X is to find an inequality of type:
hL(P ) ≤ A · d(P ) +O(1)
for all P ∈ X(F¯ ), which is called a geometric height inequality. In the case where
dimX = 1, we know a lot of height inequalities as follows, where g = g(X) ≥ 2 and
K = KX/C .
L. Szpiro, hK(P ) ≤ 24(g − 1)
2 d(P ) +O(1), (char ≥ 0)
P. Vojta, hK(P ) ≤ (8g − 6)/3 d(P ) +O(1), (char = 0)
A. N. Parshin, hK(P ) ≤ (20g − 15)/6 d(P ) +O(1), (char = 0)
H. Esnault and E. Viehweg, hK(P ) ≤ 2(2g − 1)
2 d(P ) +O(1), (char = 0)
P. Vojta, hK(P ) ≤ (2 + ǫ) d(P ) +O(1), (char = 0)
A. Moriwaki, hK(P ) ≤ (2g − 1) d(P ) +O(1), (char ≥ 0)
Details can be found in Chapter VI of [La] or [Mo]. In this note, inspired by [Vo], I
would like to study a geometric height inequality on a higher dimensional variety. The
main theorem of this note is
Theorem A. Let X be a geometrically irreducible smooth projective variety over F and
L a line bundle on X. If Ω1X/F is ample and X is non-isotrivial, then there are a proper
closed algebraic set Y of X and a constant A > 0 such that
hL(P ) ≤ A · d(P ) +O(1)
for all P ∈ X(F¯ ) \ Y (F¯ ).
Under the assumption of Theorem A, it might be not needed to subtract the proper
closed algebraic set Y . But, it is sufficient to recover Noguchi’s theorem [No] concerning
higher dimensional geometric Mordell’s conjecture, i.e.
Theorem B. Let X be a geometrically irreducible smooth projective variety over F . If
Ω1X/F is ample and X is non-isotrivial, then there is a non-empty Zariski open set U of
X with U(F ) = ∅.
Theorem B is a corollary of Theorem A once we get finiteness property of geometric
heights. However, finiteness does not hold in general for geometric heights. Instead of
finiteness, algebraic heights have non-denseness property (cf. Theorem 1.3).
In §1, we will deal with properties of geometric heights, especially ‘positivity’ and
‘non-denseness’. In §2, we will prepare several basic facts of ample vector bundles. §3 is
devoted to the proofs of Theorem A and Theorem B.
31. Properties of geometric heights.
Let X be a geometrically irreducible smooth projective variety over F and L a line
bundle on X . First of all, we must check the following proposition. By this proposition,
hL(P ) =
(L ·∆P )
[F (P ) : F ]
is uniquely determined modulo bounded functions.
Proposition 1.1. Let (f : X → C,L) and (f ′ : X ′ → C,L′) be two models of (X,L).
Then, there is a constant A such that, for all P ∈ X(F¯ ),
∣∣∣∣
(L ·∆P )
[F (P ) : F ]
−
(L′ ·∆′P )
[F (P ) : F ]
∣∣∣∣ ≤ A.
Proof. We can easily construct birational morphisms µ : X ′′ → X and µ′ : X ′′ → X ′
such that (X ′′ → C, µ∗(L)) and (X ′′ → C, µ′
∗
(L′)) are models of (X,L). So we may
assume that X = X ′.
Since L ⊗ L′−1 is trivial on X , we have f∗(L ⊗ L
′−1) 6= 0. Thus there is an ample
line bundle A1 on C such that H
0(X ,L ⊗ L′−1 ⊗ f∗(A1)) 6= 0. Let D be an element of
|L⊗L′−1⊗f∗(A1)|. D has no horizontal components because D|X is linearly equivalent
to zero. Thus, for all P ∈ X(F¯ ), (D ·∆P ) ≥ 0. It follows that
(L′ ·∆P )
[F (P ) : F ]
−
(L ·∆P )
[F (P ) : F ]
≤ deg(A1).
By the same way, we can find an ample line bundle A2 on C such that
(L ·∆P )
[F (P ) : F ]
−
(L′ ·∆P )
[F (P ) : F ]
≤ deg(A2).
Hence, we get our proposition. 
Let V be a projective variety defined over an algebraic number field K, L a line bundle
on V , and hL a Weil-height of L. Then, hL has the following two basic properties:
(1) (Positivity) Let B be a base locus of |L|. Then, hL(P ) ≥ O(1) for all P ∈
V (Q) \B(Q).
(2) (Finiteness) If L is ample and A ∈ R, then the set {P ∈ V (K) | hL(P ) ≤ A} is
finite.
The main topic of this section is to consider geometric analogies of the above two prop-
erties of arithmetic heights. First, let us consider positivity of geometric heights.
4Proposition 1.2. (Positivity) Let X be a geometrically irreducible smooth projective
variety over F and L a line bundle on X. Then, hL(P ) ≥ O(1) for all P ∈ X(F¯ ) \
Bs(L)(F¯ ), where Bs(L) = Supp(Coker(H0(X,L)⊗OX → L)).
Proof. Let (f : X → C,L) be a model of (X,L). Let A be an ample line bundle on C
such that f∗(L)⊗ A is generated by global sections. Let P ∈ X(F¯ ) \ Bs(L)(F¯ ) and ∆P
the corresponding integral curve on X . Assume that ∆P ⊂ Bs(L ⊗ f
∗(A)). Then, the
natural homomorphism
H0(C, f∗(L⊗ f
∗(A)⊗ I∆P ))→ H
0(C, f∗(L ⊗ f
∗(A)))
is surjective, where I∆P is the defining ideal of ∆P . Here, we consider the following
commutative diagram:
H0(C, f∗(L⊗ f
∗(A)⊗ I∆P ))⊗OC
α
−−−−→ H0(C, f∗(L⊗ f
∗(A)))⊗OC
γ
y
yδ
f∗(L ⊗ f
∗(A)⊗ I∆P ) −−−−→
β
f∗(L ⊗ f
∗(A))
Since α and δ are surjective, so is β, which implies that H0(YF¯ , LF¯ ⊗ IP )→ H
0(YF¯ , LF¯ )
is surjective. Therefore, P ∈ Bs(LF¯ ). This is a contradiction. Thus, we get ∆P 6⊂
Bs(L⊗ f∗(A)). Hence, (L ⊗ f∗(A) ·∆P ) ≥ 0, which says that hL(P ) ≥ − degA. 
Next, we will consider finiteness of geometric heights. Unfortunately, finiteness does
not hold in general for geometric heights. Instead of it, we have the following non-
denseness of geometric heights.
Theorem 1.3. (Non-denseness) Let X be a geometrically irreducible smooth projective
variety over F and L an ample line bundle on X. We assume that X contains no rational
curves and X is non-isotrivial. Then, for every constant A, the set {P ∈ X(F ) | hL(P ) ≤
A} is not dense in X(F¯ ).
First of all, we will prepare two basic lemmas.
Lemma 1.4. Let q : Y → X be a surjective morphism of normal projective varieties over
an algebraically closed field of characteristic zero and E a vector bundle on X. Then,
the natural morphism H1(X,E)→ H1(Y, q∗E) is injective.
Proof. Let us consider the Leray spectral sequence:
Ei,j2 = H
i(X,Riq∗(q
∗E)) =⇒ Ei+j = Hi+j(Y, q∗E).
Since
E1,02 = H
1(X, q∗(q
∗E))→ E1 = H1(Y, q∗E)
5is injective, it is sufficient to see that
H1(X,E)→ H1(X, q∗(OY )⊗ E)
is injective. Let
Y
q1
−−−−→ Z
q2
−−−−→ X
be the Stein factorization of q : Y → X . Then, q∗(OY ) = q2∗(OZ). Thus, we may
assume that q is a finite morphism. Since we work over the field of characteristic zero,
we have a trace map
Tr : q∗OY → OX
such that Tr ·ι = id, where ι is the inclusion map ι : OX → q∗(OY ). This means that the
exact sequence
0→ E → q∗(OY )⊗ E → (q∗(OY )/OX)⊗E → 0
splits. Therefore, H1(X,E)→ H1(X, q∗(OY )⊗ E) is injective. 
Lemma 1.5. Let X be a smooth projective variety over k, C a smooth projective curve
over k, f : X → C a k-morphism with f∗OX = OC . Assume that there are a non-
empty open set C0 of C, a smooth projective variety Y over k and a dominant morphism
φ : Y × C0 → X0 = f
−1(C0) such that p = f0 · φ, where p : Y × C0 → C0 is the natural
projection and f0 = f |X0 .
Y × C0
φ
−−−−→ X0
p
y
yf0
C0 C0
Then, for a general point t of C0, the Kodaira-Spencer map ̺t : TC,t → H
1(Xt, TXt) is
zero.
Proof. Shrinking C0, if necessarily, we may assume that f0 is smooth. Let us consider
the following commutative diagram:
0 −−−−→ TY×C0/C0 −−−−→ TY×C0 −−−−→ p
∗(TC0) −−−−→ 0y
y
∥∥∥
0 −−−−→ φ∗(TX0/C0) −−−−→ φ
∗(TX0) −−−−→ φ
∗(f∗0 (TC0)) −−−−→ 0
This gives rise to a commutative diagram:
TC,t
αt−−−−→ H1(Y × {t}, TY×{t})∥∥∥
y
TC,t −−−−→
βt
H1(Y × {t}, φ∗t (TXt))
6for a point t ∈ C0. Since αt = 0, we have βt = 0. Here βt is factored through the Kodaira-
Spencer map ̺t : TC,t → H
1(Xt, TXt), i.e. if we denote by γt the natural homomorphism
H1(Xt, TXt)→ H
1(Y × {t}, φ∗t (TXt)), then βt = γt · ̺t.
TC,t
̺t
−−−−→ H1(Xt, TXt)
γt
−−−−→ H1(Y × {t}, φ∗t (TXt))
On the other hand, by Lemma 1.4, γt is injective. Thus, ̺t = 0 
Proof of Theorem 1.3. Let (f : X → C,L) be a model of (X,L). LetM be an ample line
bundle on X . Since L is ample on X , for a sufficiently large n, Ln ⊗M−1 is very ample
on X . Thus, by Proposition 1.1, there is a constant B such that hLn⊗M−1(P ) ≥ B for
all P ∈ X(F¯ ), where M =MF . Therefore, we have
hM (P ) ≤ n · hL(P )−B
for all P ∈ X(F¯ ). It follows that we may assume that L is ample on X .
We set SA = {P ∈ X(F ) | hL(P ) ≤ A} and ΣA = {∆P ⊂ X | P ∈ SA}. Here we
assume that SA is dense in X(F¯ ). First of all, we claim that there is a smooth quasi-
projective variety Y over k and a dominant morphism φ : Y ×C → X such that p = f ·φ,
where p : Y × C → C is the natural projection.
Y × C
φ
−−−−→ X
p
y
yf
C C
Let Hom(C,X ) be a scheme consisting of k-morphisms from C to X . Then, we have
the natural morphism of schemes α : Hom(C,X ) → Hom(C,C) defined by α(s) = f · s
for s ∈ Hom(C,X ). We set Sec(C,X ) = α−1(idC).
By the definition of ΣA, ΣA is a bounded family. So we can find finite number
of connected components Sec1, . . . , Secl of Sec(C,X ) such that, for all P ∈ SA, there is
s ∈
∐l
i=1 Seci with s(C) = ∆P . Further, since every connected component of Hom(C,X )
is quasi-projective, Seci’s are also quasi-projective.
On the other hand, since SA is dense in X(F¯ ), there is a Seci such that the natural
morphism Seci×C → X is a dominant morphism. Moreover, since X is irreducible,
there is an irreducible component Y of Seci such that Y × C → X still dominates X .
Replacing Y by Yred, we may assume that Y is reduced. Furthermore, considering a
desingularization Y ′ → Y of Y , we may also assume that Y is smooth. Thus, we have
our claim.
Let Y1 be a smooth compactification of Y . Then, φ induces a rational map φ1 :
Y1 × C 99K X . Let µ : Z → Y1 × C be a minimal succession of blowing-ups such that
φ1 · µ : Z → X gives a morphism. Let E be the exceptional set of µ. Since X contains
no rational curves, (p · µ)(E) is a proper closed subset of C. Therefore, we can take
a non-empty open set C0 of C such that φ1 is defined on Y1 × C0. Thus, by virtue of
Lemma 1.5, for a general point t of C0, the Kodaira-Spencer map ̺t : TC,t → H
1(Xt, TXt)
is zero. This is a contradiction. Therefore, SA is not dense in X(F¯ ). 
7Remark 1.6. For geometric heights, finiteness does not hold in general. For, as pointing
out in Example of [No], we have a non-isotrivial family of projective varieties with ample
cotangent bundles, which contains a trivial family of subvarieties. More precisely, we
have the following example with properties (1) — (5).
(1) Let f : X → C be a projective morphism of smooth varieties.
(2) dimX = 3, dimC = 1 and f∗OX = OC .
(3) Ω1Xt is ample for a general t ∈ C.
(4) The Kodaira-Spencer map ̺t : TC,t → H
1(Xt, TXt) is injective for a general t ∈ C.
(5) There are a smooth projective curve C′ and an embedding j : C′ × C → X with
f · j = p, where p is the natural projection p : C′ × C → C.
C′ × C
j
−−−−→ X
p
y
yf
C C
2. Ample vector bundles.
In this section, we will prepare basic facts of ample vector bundles. Let us begin with
Hartshorne’s criterion of ample vector bundles on curves.
Lemma 2.1. (cf. [Ha, Theorem 2.4]) Let C be a smooth projective curve over an
algebraically closed field of characteristic zero and E a vector bundle on C with deg(E) >
0. Then, E is ample if and only if every quotient bundle of E has positive degree.
Proof. For reader’s convenience, we will give a sketch of an elementary proof. Clearly,
it is sufficient to show that if every quotient bundle of E has positive degree, then E is
ample.
First, let us consider a case where E is semistable. Let π : P(E)→ C be the projective
bundle of E and O(1) the tautological line bundle of E. Then, by [Mi, Theorem 3.1],
O(r)⊗ π∗(det(E)−1) is nef, where r = rkE. Thus, O(r) is ample because deg(E) > 0.
Next, we deal with a general case. We prove it by induction on rkE. By the previous
observation, we may assume that E is not semistable. Let E1 be the maximal destabi-
lizing subbundle of E. Since E1 is semistable and deg(E1) > 0, E1 is ample as before.
On the other hand, by hypothesis of induction, E/E1 is ample. Thus, E is ample. 
Corollary 2.2. Let C be a smooth projective curve over an algebraically closed field of
characteristic zero and R an ample vector bundle on C. Let
(2.2.1) 0→ OC → E → R→ 0
be an extension of R by OC . Then, E is ample if and only if (2.2.1) does not split.
Proof. First, we assume that E is ample. Let π : P(E)→ C be the projective bundle of
E and O(1) the tautological line bundle. If (2.2.1) splits, then we have a section ∆ of π
8defined by a splitting E → OC . Clearly, (O(1) ·∆) = 0. This is a contradiction because
O(1) is ample. Hence, (2.2.1) doesn’t split.
Next we assume that (2.2.1) doesn’t split. Let Q be a quotient bundle of E. Let
α : OC → E → Q be the composition homomorphism. If α is zero, we have a surjective
homomorphism R → Q. Thus, deg(Q) > 0. So we may assume that α 6= 0. Let L be
the saturation of α(OC) in Q. Let us consider the following homomorphisms:
R ≃ E/OC → Q/α(OC)→ (Q/α(OC))/(torsions) ≃ Q/L.
This shows that there is a surjective homomorphism R → Q/L. Thus, if rkQ ≥ 2, then
deg(Q) = deg(Q/L) + deg(L) > 0. Moreover, in the case where rkQ = 1, since (2.2.1)
doesn’t split, α is not an isomorphism. Hence, deg(Q) = deg(L) > 0. Therefore, E is
ample by Lemma 2.1. 
Proposition 2.3. Let X be a smooth projective variety over an algebraically closed field
of characteristic zero and Q an ample vector bundle on X. Let 0→ OX → E → Q→ 0
be an extension of Q by OX . Let π : P = P(E)→ X be the projective bundle of E, OP (1)
the tautological line bundle of P , and M a line bundle on P . If 0→ OX → E → Q→ 0
does not split, then, for a sufficiently large n, π(Bs(OP (n)⊗M)) is a proper closed subset
of X.
Proof. Let Y be a sub-variety of P defined by E → Q. Then, Y ∈ |OP (1)|. First of
all, since OP (1)|Y is ample, if n ≫ 0, then H
i(Y, OP (n)⊗M |Y ) = 0 for i > 0 and
OP (n)⊗M |Y is generated by global sections. Let us consider an exact sequence:
0→ OP (n− 1)⊗M → OP (n)⊗M → OP (n)⊗M |Y → 0.
If n≫ 0,
(2.3.1) H1(P,OP (n− 1)⊗M)→ H
1(P,OP (n)⊗M)
is surjective. So, h1(P,OP (n)⊗M) is constant for n≫ 0. Therefore, (2.3.1) is bijective
for n≫ 0. Hence, we get
H0(P,OP (n)⊗M)→ H
0(Y, OP (n)⊗M |Y )
is surjective for n≫ 0. It follows that, if we set Bn = Bs(OP (n)⊗M), then Bn ∩ Y = ∅
for n≫ 0.
Let H be an ample line bundle on X . If dimX ≥ 2, then H1(X,Q∨ ⊗H−m) = 0 for
sufficiently large m. Thus, choosing a general member T of |Hm|, the restriction map
H1(X,Q∨) → H1(T, Q∨|T ) is injective. This observation shows us that, for a general
curve C on X , H1(X,Q∨) → H1(C, Q∨|C) is injective. This means that the exact
sequence:
0→ OC → E|C → Q|C → 0
does not split for the curve C. Hence, by Corollary 2.2, E|C is ample.
Here we assume that π(Bn) = X . Then, there is an integral curve C
′ such that
C′ ⊂ Bn and π(C
′) = C. Then, since C′ ∩ Y = ∅, we have (OP (1) · C
′) = 0. This
contradicts to ampleness of E|C . 
93. Proofs of Theorem A and Theorem B.
3.1. Proof of Theorem A. Let (f : X → C,L) be a model of (X,L). Let
π : Y = P(Ω1X/k)→ X be the projective bundle and OY(1) the tautological line bundle on
Y . We set Y = YF , B
′
n = Bs(OY (n)⊗π
∗
F (L
−1)), and Bn = πF (B
′
n). By Proposition 1.2,
there is a constant D such that, for all P ′ ∈ Y (F¯ ) \B′n(F¯ ),
(3.1.1) hOY (n)⊗π∗F (L−1)(P
′) ≥ D.
On the other hand, the canonical exact sequence:
0→ f∗(Ω1C/k)→ Ω
1
X/k → Ω
1
X/C → 0
gives rise to an exact sequence on X :
(3.1.2) 0→ OX → Ω
1
X/k
∣∣∣
X
→ Ω1X/F → 0.
Since X is non-isotrivial, (3.1.2) does not split. Thus, by virtue of Proposition 2.3, if
n≫ 0, then Bn ⊗ F¯ is a proper closed subset of XF¯ . Therefore, so is Bn.
Let P ∈ X(F¯ )\Bn(F¯ ), ∆P the corresponding integral curve on X , ∆˜P the normaliza-
tion of ∆P and ι : ∆˜P → X the natural morphism. Moreover, let φ : P(ι
∗(Ω1X/k)) → Y
be the induced morphism.
P(ι∗(Ω1X/k))
φ
−−−−→ Y = P(Ω1X/k)y
yπ
∆˜P −−−−→
ι
X
Let Q be the minimal quotient line bundle of ι∗(Ω1X/k) and T the corresponding section
of P(ι∗(Ω1X/k)). Let ∆
′ = φ(T ) and P ′ the corresponding F¯ -value point of Y . Then,
P ′ ∈ Y (F¯ ) \B′n(F¯ ). Thus, by (3.1.1),
(3.1.3) D ≤ hOY (n)⊗π∗F (L−1)(P
′) = n
deg(Q)
[F (P ) : F ]
− hL(P ).
On the other hand, since there is a non-trivial homomorphism ι∗(Ω1X/k) → Ω
1
∆˜P /k
, we
have degQ ≤ deg(Ω1
∆˜P /k
). Thus, by (3.1.3), we get hL(P ) ≤ n · d(P )−D. 
3.2. Proof of Theorem B. By Theorem A and Theorem 1.3, it is sufficient to see
the following lemma.
Lemma 3.2.1. Let X be a smooth projective variety over a field K with the ample
cotangent bundle and C a 1-dimensional subvariety of X. Then, the genus of C is
greater than one.
Proof. Let C˜ be the normalization of C and φ : C˜ → X the induced morphism. Then,
we have a non-trivial homomorphism φ∗(Ω1X/K) → Ω
1
C˜/K
. Here, φ∗(Ω1X/K) is ample.
Therefore, deg(Ω1
C˜/K
) > 0. 
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